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Abstract: We present the “Markovian projection method”, a method to obtain closed-

form approximations to European option prices on various underlyings that, in principle,

is applicable to any (diffusive) model. Successful applications of the method have already

appeared in the literature, in particular for interest rate models (short rate and forward

Libor models with stochastic volatility), and interest rate/FX hybrid models with FX

skew. The purpose of this note is thus not to present other instances where the Markovian

projection method is applicable (even though more examples are indeed given) but to

distill the essence of the method into a conceptually simple “plan of attack”, a plan that

anyone who wants to obtain European option approximations can follow.
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1. INTRODUCTION

European-style options are usually the most liquid options available in any market.
More often than not, they are the only options that are liquid enough to be used for
model calibration. Thus, efficient methods for valuing European-style options are a criti-
cal requirement for any model. In this paper we develop theMarkovian projection(MP)
method, a very general and powerful approach to deriving accurate approximations to
European option prices in a wide range of models.

Various ideas related to the Markovian projection method have already been used, and
very successfully so, in a wide range of contexts. InPiterbarg(2004) and Piterbarg
(2005b), closed-form approximations to European swaptions prices in a forward Libor
model with stochastic volatility have been obtained. InAndreasen(2005), that same has
been accomplished for a short rate model with stochastic volatility.Piterbarg(2006a)
andPiterbarg(2005a) have introduced an FX skew in the interest rate/FX hybrid model
and demonstrated how closed-form approximations for FX options can be derived. Same
techniques can easily be adapted to interest rate/equity hybrids, for example. In this note,
we formalize the ideas from these papers as the MP method.

The Markovian projection method is based on combining pioneering ideas of Dupire
(seeDupire (1997)) on local and stochastic volatility (and recently rediscovered, in the
quantitative finance context, results of Gyöngy, seeGyöngy (1986)) with parameter-
averaging techniques that have been developed for stochastic volatility models relatively

Key words and phrases.Local volatility, stochastic volatility, Markovian projection, parameter averag-
ing, Dupire’s local volatility, index options, basket options, spread options.
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recently. Both Dupire and Gyöngy show that if two underlyings, each governed by its
own SDEs, are given, and the expected values of the SDE coefficients conditioned on the
appropriate underlying (the so-called “Dupire’s local volatilities”) are equal, then Euro-
pean options prices on (or, equivalently, one-dimensional marginal distributions of) the
two underlyings are the same. This observation is the key tool to replace a model with
complicated dynamics for the underlying with a much simpler one. Once that is accom-
plished, the (local or stochastic volatility) model that is obtained is further simplified, by
applying the parameter averaging techniques, to a form that admits closed form solutions.

The MP method proceeds in four steps.

Step 1: For the underlying of interest, its SDE, driven by a single Brownian motion,
is written down by computing its quadratic variance (and combining alldt terms
if exist).

Step 2: In this SDE, the diffusion and drift (if exists) coefficients are replaced with
their expected values conditional on the underlying. As shown in Section2, this
does not affect the values of European options.

Step 3: The conditional expected values from Step 2 are computed or, more com-
monly, approximated. Methods based on, or related to, Gaussian approximations
are often used for this step, see Section4 below.

Step 4: Parameter averaging techniques (seePiterbarg(2005c), Piterbarg(2005b))
are used to relate the time-dependent coefficients of the SDE obtained in Step 3 to
time-independent ones. This, typically, allows for a quick and direct computation
of European option values.

2. ONE-DIMENSIONAL DISTRIBUTIONS OF ITO PROCESSES

Suppose a model is given. LetS(t) be the quantity of interest, European options on
which are to be valued. For example, it could be a forward price of an equity share, a
forward FX rate, a Libor or a swap rate, and so on. The market observable may or may
not be a “primitive” variable in the model. For example, equity models are most often
expressed in terms of the share price, and then the dynamics are imposed onS(·) directly.
On the other hand, in the interest rate modeling, the dynamics are often imposed on short
rates or on Libor rates. IfS(·) is the swap rate, then it is not a “primitive” variable in such
a model; the dynamics ofS(·) are implicitly defined by the model expressed in terms of
other variables. In either case, an Ito process forS(·) , given by the model, can always be
written down. It is of the general form

(1) dS(t) = Σ(t, . . .) dW(t) .

Here Σ(t, . . .) is, in general, a stochastic process that may depend onS(·) and other
sources of randomness. Note that we do not include thedt term. It will be clear from
what follows that this is not a limitation, as the drifts can be handled as well. We write
the process without thedt term largely by convention, as most often there is measure un-
der whichS(·) is a martingale, and it is precisely the measure that we are interested in
studying the dynamics ofS(·) under (eg the swap measure for a swap rate, or the forward
measure for a forward FX rate).
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Another feature of the way (1) is written is the fact that the Brownian motiondW(·)
is one-dimensional. Again, this is not a limitation of the method. Even ifS(·) is driven
by a multi-dimensional Brownian motion, a one-dimensional Brownian motion, and the
diffusion coefficient, can always be found such that the law of the original process and
the new one are exactly the same. Let us elaborate. SupposeS follows

(2) dS(t) =
d

∑
i=1

Σi (t, . . .) dWi (t) ,

where(Σ1(t, . . .) , . . . ,Σd (t, . . .)) is a d-dimensional process and(W1(t) , . . . ,Wd (t)) is

a d-dimensional Brownian motion with the correlation matrix
{

ρi j
}d

i, j=1. Then, define
Σ(t, . . .) by

Σ2(t, . . .) =
d

∑
i, j=1

Σi (t, . . .)Σ j (t, . . .)ρi j

anddW(t) by

dW(t) = Σ−1(t, . . .)

(
d

∑
i=1

Σi (t, . . .) dWi (t)

)
.

Simple quadratic variation calculations confirm thatdW is indeed a (one-dimensional)
Brownian motion and the law of the processS(·) given by (2) is the same as the one given
by (1).

To price a European option onS(·) with expiry T and strikeK, we need to know
the one-dimensional distribution ofS(·) (at timeT). On the other hand, the knowledge
of prices of all European options for all strikesK for a given expiryT is equivalent to
knowing the (one-dimensional) distribution ofS(·) at timeT. In view of these remarks,
the importance of the following result is evident ((Gyöngy, 1986, Theorem 4.6)).

Theorem 2.1(Gyongy 1986). Let X(t) be given by

(3) dX(t) = α (t) dt+β (t) dW(t) ,

whereα (·) , β (·) are adapted bounded stochastic processes such that (3) admits a unique
solution. Define a(t,x) , b(t,x) by

a(t,x) = E(α (t)|X (t) = x) ,

b2(t,x) = E
(

β
2(t)

∣∣X (t) = x
)
.

Then the SDE

dY(t) = a(t,Y (t)) dt+b(t,Y (t)) dW(t) ,(4)

Y (0) = X (0) ,

admits a weak solution Y(t) that has the same one-dimensional distributions as X(t) .

Remark 2.1. The process Y(·) follows what is known in financial mathematics as a “local
volatility” process. The function b(t,x) is often called “Dupire’s local volatility” for
X (·), after Dupire who directly linkedE

(
β 2(t)

∣∣X (t) = x
)

to prices of European options
on X(·) whenα (·) ≡ 0 (seeDupire (1997)), a link that can be seen to lead to the same
result.
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Remark 2.2. Since X(·) and Y(·) have the same one-dimensional distributions, the prices
of European options on X(·) and Y(·) for all strikes K and expiries T will be the same.
Thus, for the purposes of European option valuation and/or calibration to European op-
tions, a potentially very complicated process X(·) can be replaced with a much simpler
Markov process Y(·) , the Markovian projection1 of X(·) .

Remark 2.3. Efficient valuation and approximation methods for European options in lo-
cal volatility models, ie models of the type (4), are available, see for example
Andersen and Brotherton-Ratcliffe(2001).

Proof. The original proof inGyöngy(1986) is fairly involved and we do not reproduce it
here. Instead, we present an outline of the proof inspired bySavine(2000), a much more
financially-motivated approach. As explained above, the caseα (t) = 0 is most common
in financial applications, so that is what we consider.

Denote
c(t,K) = E0

(
(X (t)−K)+

)
.

Here{c(t,K)}t,K are the values of European call options onX (·) for expiriest and strikes
K. Dupire inDupire (1994) was the first to find the expression for the local volatility in
a local volatility model that reproduces all European options{c(t,K)}t,K for all expiries
t and strikesK. The key insight of this proof is to note that the same technique can be
applied to European option pricesobtained from another model, instead of the market
option prices as originally done by Dupire.

As explained above, matching all European option prices (for all expiries and strikes) is
equivalent to matching all one-dimensional distributions. “Dupire local volatility”b(t,x)
in the model

dY(t) = b(t,Y (t)) dW(t)
for the set of option prices{c(t,K)} is given by

(5) b2(t,K) = 2
∂

∂ t c(t,K)
∂ 2

∂K2c(t,K)
,

seeDupire(1994). To compute the right-had side, we first write (the use of delta-functions
in the integrands can be justified by Tanaka’s formula, seeKaratzas and Shreve(1997))

d(X (t)−K)+ = 1{X(t)>K}dX(t)+
1
2

δ{X(t)=K}d〈X (t)〉 ,

and, sinceX (t) is a martingale under the measure considered,

E(X (t)−K)+− (X (0)−K)+ =
1
2

∫ t

0
E
(
δ{X(s)=K}d〈X (s)〉

)
.

Clearly
E
(
δ{X(t)=K}d〈X (t)〉

)
= E

(
δ{X(t)=K}

)
×E(d〈X (t)〉|X (t) = K)

and

E
(
δ{X(t)=K}

)
=

∂ 2

∂K2E(X (t)−K)+ =
∂ 2

∂K2c(t,K) .

1Often we will use the same letter to denote both, the original process and its Markovian projection.
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From (3)
d〈X (t)〉= β

2(t) dt,

so that

E
(
δ{X(t)=K}d〈X (t)〉

)
=

∂ 2

∂K2c(t,K)2×E
(

β
2(t)

∣∣X (t) = K
)

dt.

In particular,

∂

∂ t
c(t,K) =

∂

∂ t

(
E(X (t)−K)+− (X (0)−K)+

)
=

1
2
× ∂ 2

∂K2c(t,K)×E
(

β
2(t)

∣∣X (t) = K
)
.

Substituting this equality into (5) we obtain

b2(t,K) = E
(

β
2(t)

∣∣X (t) = K
)
,

and the theorem is proved.

For the variableS(·) considered above, the theorem immediately implies that we can
replace (1) with the Markovian projection

(6) dS(t) = Σ̃(t,S(t)) dW(t)

to price European options, whereΣ̃(t,x) , the deterministic function of time and state, is
obtained by

(7) Σ̃2(t,x) = E
(

Σ2(t, . . .)
∣∣S(t) = x

)
.

We emphasize that the Markovian projection is exact for European options but, of course,
does not preserve the dependence structure ofS(·) at different times or, equivalently,
the marginal distributions of the process of orders higher than one. Thus, the prices of
securities dependent on sampling ofS(·) at multiple times, such as barriers, American
options and so on, are different between the original model (1) and the projected model
(6).

In practice, the conditional expected value in (7) needs to be computed/approximated.
This is often impossible to do exactly, and various approximations need to be employed.
We discuss common approaches later in the paper. Next, however, we consider another
ways that Theorem2.1can be used.

3. APPLICATIONS TO STOCHASTIC VOLATILITY MODELS

Suppose a stochastic volatility model is given. LetS(·) be the variable of interest as
before, governed in the model by the equation (1). The results of Theorem2.1allow us to
replace the dynamics with local volatility dynamics for the purposes of pricing European
options. However, substituting a local volatility model for a stochastic volatility model is
not always ideal. The two types of models are very different, and that makes computing
the conditional expected value in (7) particularly difficult. This renders various possible
approximations rather inaccurate. As a general rule, when one model is approximated
with another, it is always best to keep as many features as possible the same in the two



6 VLADIMIR PITERBARG

models. For example, a stochastic volatility model should be approximated with a (poten-
tially simpler) stochastic volatility model, a model with jumps by a (simpler) model with
jumps, and so on.

Upon some reflection, it should be clear that Theorem2.1provides us with a tool that
is more general than just a way of approximating any model with a local volatility one.
The following trivial Corollary to Theorem2.1provides the required framework.

Corollary 3.1. If two processes have the same Dupire’s local volatility, the European
option prices on both are the same for all strikes and expiries.

Consider a stochastic volatility model. LetX1(t) follow

dX1(t) = b1(t,X1(t))
√

z1(t)dW(t) ,

wherez1(t) is some variance process. Suppose we would like to match the European
option prices onX1(·) (for all expiries and strikes) in a model of the form

dX2(t) = b2(t,X2(t))
√

z2(t)dW(t) ,

wherez2(t) is a different, and potentially simpler, variance process. Then Corollary3.1
and Theorem2.1 imply that to achieve that, we need to chooseb2(t,x) such that

E
(

b2
2(t,x)z2(t)

∣∣X2(t) = x
)

= E
(

b2
1(t,x)z1(t)

∣∣X1(t) = x
)
,

or, rearranging the terms,

(8) b2
2(t,x) = b2

1(t,x)
E(z1(t)|X1(t) = x)
E(z2(t)|X2(t) = x)

.

To apply this formula, the conditional expected values need to be computed. Note that
it is beneficial to choosez2 as similar toz1 as possible. Then, various approximations
employed to compute both conditional expected values will tend to cancel each other,
thus increasing the accuracy of calculatingb2(t,x).

It is generally the case that a realistic stochastic volatility model with a local volatility
component should have a local volatility that does not have a lot of curvature (such as
a linear or a power function of the underlying). Moreover, such a choice makes many
calculations and approximations much easier, as then local volatility functions can just be
described by two numbers, a value and a slope (at the forward value of the underlying,
for example). In practice it means that when a stochastic volatility model is constructed
to fit implied volatility smiles (be that market volatilities or implied volatilities from a
different model), it is better to choose the stochastic volatility that explains as much of the
curvatureof the implied volatility smile as possible. Then the local volatility function will
be “almost linear”, and the benefits mentioned above will apply. For the concrete example
of equation (8), one should typically try to findz2(·) that has the same term variance as
z1(·) , as it is the volatility of stochastic variance that defines the curvature of the smile.

Another typical application of Corollary3.1proceeds as follows. Suppose

dX1(t) = β (t)
√

z(t)dW(t) ,

wherez(t) is the stochastic variance process, butβ (t) is not deterministic, but a stochastic
process in its own right (eg a complicated function of the state variables in a term structure
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model of interest rates, withS(·) being a swap rate). We would like to replace the SDE
with a local-stochastic volatility model,

dX2(t) = b(t,X2(t))
√

z(t)dW(t) .

Then, according to Corollary3.1, we need to set

(9) b2(t,x) =
E
(

β 2(t)z(t)
∣∣X1(t) = x

)
E(z(t)|X2(t) = x)

.

This formula can be simplified when, for example,β (·) and z(·) are (approximately)
conditionally independent givenX1(·). Then

(10) b2(t,x)≈ E
(

β
2(t)

∣∣X1(t) = x
) E(z(t)|X1(t) = x)

E(z(t)|X2(t) = x)
.

In many real-world situations, it can be safely assumed thatE(z(t)|X1(t) = x)≈E(z(t)|X2(t) = x),
in which case the formula simplifies further,

(11) b2(t,x)≈ E
(

β
2(t)

∣∣X1(t) = x
)
.

4. GAUSSIAN APPROXIMATIONS FOR CONDITIONAL EXPECTED VALUE

CALCULATIONS

Recall the set up of Section2, namely the general equation of the type (1) for an under-
lying of interest. Calculations of conditional expected values, as in (7) (or (8)) are often
the most difficult part of the MP method. Tractable formulas are hard to find for any type
of process, with one notable exception. If in (7) the process

(
S(t) ,Σ2(t, . . .)

)
is jointly

Gaussian, then the calculations are straightforward. While this is the case in only the
trivial situation ofΣ2(t, . . .) being deterministic, the availability of closed-form solutions
in the Gaussian case gives rise to the approximation in which the actual dynamics ofS(t)
andΣ2(t)(= Σ2(t, . . .)) are replaced by the Gaussian ones. While the details vary from
case to case, the general approach is given by the following proposition.

Proposition 4.1. Let the dynamics of
(
S(t) ,Σ2(t)

)
be written in the following form,

dS(t) = Σ(t) dW(t) ,(12)

dΣ2(t) = η (t) dt+ ε (t) dB(t) ,

whereΣ(t) , η (t) and ε (t) are adapted stochastic processes (that may depend on S(·) ,
Σ2(·) , etc) and W(t) ,B(·) are both Brownian motions. Then the conditional expected
value in (7) can be approximated by

Σ̃2(t,x) , E
(

Σ2(t)
∣∣S(t) = x

)
(13)

= Σ2(t)+ r (t)(x−S0) ,

r (t) =
∫ t

0 ε̄ (s) Σ̄(s) ρ̄ (s) ds∫ t
0 Σ̄2(s) ds

,
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where ε̄ (t) , Σ2(t) , ρ̄ (t) , Σ̄(t) are, respectively, deterministic approximations toε (t) ,
Σ2(t), ρ (t) , 〈dW(t) ,dB(t)〉/dt, andΣ(t) . In particular, one can take

ε̄ (t) = Eε (t) ,

Σ2(t) =
∫ t

0
(Eη (s)) ds,

ρ̄ (t) = E(〈dW(t) ,dB(t)〉/dt) ,

Σ̄(t) =
√

Σ2(t).

Proof. If (X,Y) is a Gaussian vector, then

(14) E(X|Y) = EX +
covar (X,Y)

Var (Y)
(Y−EY) .

The result follows by computing the required moments in a Gaussian approximation to
the dynamics of (12).

Remark 4.1. If more is known about the form of the dynamics (12), other deterministic
approximations toε (t) (and other parameters) can be more useful.

Remark 4.2. The approximation (13) is linear in x. The Gaussian approximation, hence,
works best when the local volatility functions that are used are either linear or close to
linear. This provides another angle to the comment at the end of Section3, namely that
the most practical technique for computing conditional expected values, the Gaussian
approximation, is not going to work well when the curvature in the volatility smile is ex-
plained by the local volatility function, rather than by the stochastic volatility component.

Sometimes it is beneficial to apply approximations that are not Gaussian, but linked to
them. For example, a lognormal approximation can be used in the place of a Gaussian
one. Then, the approximation is based on the known expression forE(X|Y) when(X,Y)
are jointly lognormal. Other twists involving “mapping functions”Y → f (Y) are also
possible.

5. PARAMETER AVERAGING

Parameter averaging methods are extensively described elsewhere (seePiterbarg(2005c),
Piterbarg(2005b)). Here, we present a short summary of the results.

Consider a stochastic volatility model of the form

dz(t) = θ (1−z(t)) dt+ γ (t)
√

z(t)dV (t) ,(15)

dS(t) = (β (t)S(t)+(1−β (t))S(0))σ (t)
√

z(t)dW(t) ,
z(0) = 1, S(0) = S0.

with time-dependent volatilityσ (t) , skewβ (t) , and volatility of varianceγ (t). Fix a
particularT > 0.
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Theorem 5.1. Prices of European options in the model (15) with expiry T> 0 are well-
approximated by the European option prices in the following model with constant coeffi-
cients,

dz(t) = θ (1−z(t)) dt+η
√

z(t)dV (t) ,(16)

dS(t) = (bS(t)+(1−b)S(0))λ
√

z(t)dW(t) ,

where

η
2 =

∫ T
0 γ2(t)ρ (t) dt∫ T

0 ρ (t) dt
,

b =
∫ T

0 β (t)v2(t)σ2(t) dt∫ T
0 v2(t)σ2(t) dt

,

andλ is a solution to

Eexp

(
g′′ (ζ )
g′ (ζ )

∫ T

0
σ

2(t)z(t) dt

)
= Eexp

(
λ

2g′′ (ζ )
g′ (ζ )

∫ T

0
z(t) dt

)
.

Here

ρ (r) =
∫ T

r
ds
∫ T

s
dtσ

2(t)σ
2(s)e−θ(t−s)e−2θ(s−r),

v2(t) =
∫ t

0
σ

2(s) ds+η
2e−θ t

∫ t

0
σ

2(s)
eθs−e−θs

2θ
ds,

g(x) =
S0

b

(
2Φ
(
b
√

x/2
)
−1
)
,

ζ =
∫ T

0
σ

2(t) dt,

andΦ(·) is the standard Gaussian cumulative distribution function.

Proof. SeePiterbarg(2005c), Piterbarg(2005b).

Remark 5.1. Efficient numerical methods to value European options in the model (16)
are available, seeAndersen and Andreasen(2002).

Remark 5.2. Since the parameter averaging methods are especially well developed for
the model of the type (15), in the applications of the Markovian projection method it is
beneficial to try to reduce the dynamics of the quantity of interest, S(·), to this particu-
lar form. One should realize, however, that the only restriction imposed by (15) is the
particular form of the dynamics of the stochastic variance z(·) (a mean reverting square
root process). The form of the local volatility component of S(·) can be seen to be just a
linearization of whatever the actual local volatility function is used.

Remark 5.3. The averaging results have been derived in the case of zero asset-volatility
correlation, 〈dW,dV〉 = 0. Experience shows, however, that the approximations work
very well even if the correlation is not zero.
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6. EXAMPLES

In this section we consider a couple of examples of varying degrees of complexity,
to demonstrate typical applications of the method we developed. The reader will note
that in the examples, the use of the parameter averaging methods is not required, as the
approximate equations already have constant coefficients. This is done on purpose, as the
applications of the PA methods have been extensively exposed elsewhere, and we try to
simplify the presentation on the account of clarity.

6.1. Example 1: Options on an index in local volatility models.Consider a collection
of N assetsS(t) = (S1(t) , . . . ,SN (t))> each driven by its own local volatility model

dSn(t) = ϕn(Sn(t)) dWn(t) ,
n = 1, . . . ,N,

with a vector of Brownian motions(W1(t) , . . . ,WN (t)) with anN×N correlation matrix〈
dWi ,dWj

〉
= ρi j , i, j = 1, . . . ,N.

We restrict the set of local volatility functionsϕn(x) to the set of functions well-described
by its value and the first order derivative at the forward. In effect, we requireϕn(x) to be
linear, or close to linear (such as CEV). As always, this is not really a restriction as using
more complicated local volatility functions is not a good idea anyway.

Define anindex S(t) by

S(t) =
N

∑
n=1

wnSn(t) = w>S(t) .

An index is a weighted average of the assets. We would like to derive an approximation
formula to (European) options on the indexS(t). This problem was considered first in
Avellaneda et al.(2002).

Applying Ito’s lemma toS(t) we obtain that

dS(t) =
N

∑
n=1

wnϕn(Sn(t)) dWn(t) .

If we define

σ
2(t) =

N

∑
n,m=1

wnwmϕn(Sn(t))ϕm(Sm(t))ρnm,

dW(t) =
1

σ (t)

N

∑
n=1

wnϕn(Sn(t)) dWn(t) ,

then

dS(t) = σ (t) dW(t) ,

and, by computing its quadratic variation, we obtain thatdW is a standard Brownian
motion. The processσ (t) is, of course, a complicated function ofS(t). By the results of
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Section2 and, in particular, Theorem2.1, for the purposes of European option valuation,
we can replace this SDE with a simple one,

dS(t) = ϕ (t,S(t)) dW(t)

where

ϕ
2(t,x) = E

(
σ

2(t)
∣∣S(t) = x

)
.

We have,

ϕ
2(t,x) =

N

∑
n,m=1

wnwmρnmE(ϕn(Sn(t))ϕm(Sm(t))|S(t) = x) .

By expanding each termϕn(Sn(t))ϕm(Sm(t)) to the first order around the forward (a
good approximation by near-linearity assumption) we obtain,

ϕn(Sn(t))ϕm(Sm(t))≈ pnpm

+ pnqm(Sm(t)−Sm(0))
+ pmqn(Sn(t)−Sn(0)) ,

so that

(17) ϕ
2(t,x)≈

N

∑
n,m=1

wnwmρnmpnpm(1+ χn(x)+ χm(x)) ,

where

(18) χn(x) =
qn

pn
E(Sn(t)−Sn(0)|S(t) = x) ,

and

pn = ϕn(Sn(0)) , qn = ϕ
′
n(Sn(0)) .

To compute the conditional expected valueE(Sn(t)−Sn(0)|S(t) = x) we apply the Gauss-
ian approximation,

(19) E(Sn(t)−Sn(0)|S(t) = x)≈ E
(

S̄n(t)−Sn(0)
∣∣ S̄(t) = x

)
,

where

dS̄n(t) = pndWn(t) ,

dS̄(t) = pdW̄ (t) ,

and

p2 =
N

∑
n,m=1

wnwmpnpmρnm,(20)

dW̄ (t) =
1
p

N

∑
n=1

wnpndWn(t) .
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In this model,

E
(

S̄n(t)−Sn(0)
∣∣ S̄(t) = x

)
=

〈
S̄n(t) , S̄(t)

〉〈
S̄(t) , S̄(t)

〉 (x−S(0))(21)

= ρn
pn

p
(x−S(0)) ,

where

ρn , 〈dW̄ (t) ,dWn(t)〉/dt(22)

=
1
p

N

∑
m=1

wmpmρnm.

Combining (18), (19), (21) we obtain

χn(x) = qn
ρn

p
(x−S(0)) .

Substituting it into (17), we obtain the following proposition.

Proposition 6.1. For the purposes of European option pricing, the dynamics of the index
S(t) can be approximated with the following SDE,

dS(t) = ϕ (S(t)) dW(t) ,

whereϕ (x) is such that
ϕ (S(0)) = p, ϕ

′ (S(0)) = q,

with p given by (20),

(23) q ,
1
p2

N

∑
n,m=1

wnwmpnpmρnm
qnρn +qmρm

2
,

and{ρn}’s given by (22).

Remark 6.1. Note that in our approximation,ϕ (x) does not depend on t; this will not
always be the case. If the local volatility function depends on t, then parameter averaging
methods can be used to find the “‘aggregate” volatility and skew.

Remark 6.2. The parameter q is the slope of the local volatility function for the index.
Note that the expression (23) represents it as a weighted average of the slopes of the
local volatility functions of the index’s components qn, and correlationsρn between the
Brownian motions driving the components and the index. Another expression can be
easily derived from (23) by manipulating the order of summation,

(24) q ,
1
p

N

∑
n=1

wnpnρ
2
nqn.

Remark 6.3. The approximations we develop work best when all qn’s are “not very dif-
ferent”. This would be the case when, for example, a swap rate is represented as a
weighted average of contiguous Libor rates, and we can expect their skews to be similar.
In other cases, when qn’s can be significantly different, as for example, in an FX rate
basket, non-linear approximations ofAvellaneda et al.(2002) have better accuracy (but
are more complicated).
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6.2. Example 2: Spread options with stochastic volatility.Consider the problem of
valuing spread options, ie (European) options onS(t) , S1(t)−S2(t) , where each of
the assetsS1, S2 follows its ownstochastic volatility process (as pointed out inPiterbarg
(2006b), spread options are very sensitive to stochastic variance decorrelation, an often
overlooked fact). In particular we define

dSi (t) = ϕi (Si (t))
√

zi (t)dWi (t) ,(25)

dzi (t) = θ (1−zi (t)) dt+ηi

√
zi (t)dW2+i (t) , zi (0) = 1,

i = 1,2,

with the correlations given by〈
dWi (t) ,dWj (t)

〉
= ρi j , i, j = 1, . . . ,4.

The spreadS(t) is the underlying of interest; the first step is to write an SDE for it. We
have,

(26) dS(t) = σ (t) dW(t) ,

where

σ
2(t) = (ϕ1(S1(t))u1(t))2−2(ϕ1(S1(t))u1(t))(ϕ2(S2(t))u2(t))ρ12(27)

+(ϕ2(S2(t))u2(t))2 ,

dW(t) =
1

σ (t)
(ϕ1(S1(t))u1(t) dW1(t)−ϕ2(S2(t))u2(t) dW2(t)) ,

ui (t) =
√

zi (t), i = 1,2.

Using the same notations as in the previous example, we set

pi = ϕi (Si (0)) , qi = ϕ
′
i (Si (0)) , i = 1,2.

As explained previously, directly replacingσ2(t) (in (26)) with its expected value con-
ditional onS(·) is not a good idea when stochastic volatility is involved. Per Corollary
3.1and the discussion in Section3, we shall try to find a stochastic volatility processz(·)
such that the curvature of the smile of the spreadS(·) is explained by it, and the local
volatility function is only used to induce the volatility skew.

To identify a suitable candidate forz(·), let us consider what the expression forσ2(t)
would be if the local volatility functions for the components,ϕi (x) , i = 1,2, were constant
functions. We see that in this case, the expression forσ2(t) in (27) would not involve the
processesSi (·) , i = 1,2 and thus would be a good candidate for the stochastic variance
process. Hence we define (the division byp2 , σ2(0) is to preserve the scalingz(0) = 1)

(28) z(t) =
1
p2

(
p2

1z1(t)−2p1p2ρ12

√
z1(t)z2(t)+ p2

2z2(t)
)

,

where

(29) p = σ (0) =
(
p2

1−2p1p2ρ12+ p2
2

)1/2
.
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Proposition 6.2.For the purposes of European option pricing, the dynamics of the spread
S(t) can be approximated with the following SDE,

dS(t) = ϕ (S(t))
√

z(t)dW(t) ,

where z(·) given by (28), the functionϕ (·) satisfies

ϕ (S(0)) = p, ϕ
′ (S(0)) = q,

with

q ,
1
p

(
p1ρ

2
1q1− p2ρ

2
2q2
)
,

andρ1, ρ2 are defined by

ρ1 =
1
p

(p1− p2ρ12) ,(30)

ρ2 =
1
p

(p1ρ12− p2) .

Proof. By Corollary3.1, the rightϕ (x) id given by

(31) ϕ
2(t,x) =

E
(

σ2(t)
∣∣S(t) = x

)
E(z(t)|S(t) = x)

.

The expression forE
(

σ2(t)
∣∣S(t) = x

)
is a linear combinations of the conditional ex-

pected values of the terms

ϕi (Si (t))ϕ j
(
Sj (t)

)
ui (t)u j (t) .

Each one is approximated to the first order by

pi p j

(
1+

qi

pi
(Si (t)−Si (0))+

q j

p j

(
Sj (t)−Sj (0)

)
+(ui (t)−1)+

(
u j (t)−1

))
.

As in Example 1, the conditional expected valuesE(Si (t)−Si (0)|S(t) = x) can be easily
computed in the Gaussian approximation. The same idea can be applied toE(ui (t)−1|S(t) = x) .
In particular,

E(Si (t)−Si (0)|S(t) = x) ≈ E
(

S̄i (t)− S̄i (0)
∣∣ S̄(t) = x

)
E(ui (t)−1|S(t) = x) ≈ E

(
ūi (t)−1| S̄(t) = x

)
,

where (dt terms are ignored, although they may be included for more accurate approxi-
mations)

dS̄(t) = pdW̄ (t) ,(32)

dS̄i (t) = pi dWi (t)

dūi (t) =
ηi

2
dW2+i (t) ,

dW̄ (t) =
1
p

(p1dW1(t)− p2dW2(t)) ,
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and

E
(

S̄i (t)− S̄i (0)
∣∣ S̄(t) = x

)
=

piρi

p
(x−S(0)) ,

E
(

ūi (t)−1| S̄(t) = x
)

=
ηiρ2+i

2p
(x−S(0)) ,

i = 1,2.

Here, as in the previous example, we have denotedρi , 〈dW̄ (t) ,dWi (t)〉/dt, i = 1, . . . ,4,
so that (see (30)),

(33) ρi =
1
p

(p1ρi1− p2ρi2) , i = 1, . . . ,4.

Under the linear approximations

E
(

σ
2(t)

∣∣S(t) = x
)

= p2
1

(
1+2q1ρ1

x−S(0)
p

+η1ρ3
x−S(0)

p

)
−2p1p2ρ12

(
1+(q1ρ1 +q2ρ2)

x−S(0)
p

+
(

η1ρ3 +η2ρ4

2

)
x−S(0)

p

)
+ p2

2

(
1+2q2ρ2

x−S(0)
p

+η2ρ4
x−S(0)

p

)
Then,

(34) E
(

σ
2(t)

∣∣S(t) = x
)

= p2
(

1+2qu
x−S(0)

p

)
,

where

qu =
1

2p2

[
p2

1(2q1ρ1 +η1ρ3)

−2p1p2ρ12

(
(q1ρ1 +q2ρ2)+

(
η1ρ3 +η2ρ4

2

))
+ p2

2(2q2ρ2 +η2ρ4)
]
.

Furthermore,

E(z(t)|S(t) = x) = p2
1

(
1+η1ρ3

x−S(0)
p

)
/p2

−2p1p2ρ12

(
1+
(

η1ρ3 +η2ρ4

2

)
x−S(0)

p

)
/p2

+ p2
2

(
1+η2ρ4

x−S(0)
p

)
/p2,

so that

E(z(t)|S(t) = x) = 1+2ql
x−S(0)

p
,(35)

ql =
1

2p2

(
p2

1η1ρ3−2p1p2ρ12

(
η1ρ3 +η2ρ4

2

)
+ p2

2η2ρ4

)
.
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The quantitiesϕ (S(0)) , ϕ ′ (S(0)) are computed from the equation (31) and the expres-
sions (34), (35) for the numerator and the denominator, as we note that

q = qu−ql .

To effectively apply the result of Proposition6.2, we still need to derive a simple form
for the stochastic variance processz(·) , defined by (28). Ideally, we should try to write
the SDE for it in the same form as the SDEs forzi ’s in (25). This cannot be done exactly;
so we approximate.

Proposition 6.3.For the purposes of European option pricing, the dynamics of the spread
S(t) can be approximated with the following SDE,

dS(t) = ϕ (S(t))
√

z(t)dW(t) ,

dz(t) = θ

(
1+

γ

θ
−z(t)

)
dt+ η̄

√
z(t)dB̄(t) ,

whereϕ (x) is given in Proposition6.2,

η̄
2 =

1
p2

(
(p1η1ρ1)

2−2(p1η1ρ1)(p2η2ρ2)ρ34+(p2η2ρ2)
2
)

,

dB̄(t) =
1

η̄ p
(p1η1ρ1dW3(t)− p2η2ρ2dW4(t)) ,

andγ is given by

(36) γ ,
p1p2ρ12

4p2

(
η

2
1 −2η1η2ρ34+η

2
2

)
.

The (approximation of the) correlation between dW and dB̄ is given by

〈dW,dB̄〉=
1

p2η̄

(
p2

1η1ρ1ρ13− p1p2(η1ρ1ρ23+η2ρ2ρ14)+ p2
2η2ρ2ρ24

)
.

Proof. For z(·) defined by (28)

dz(t) = δ1(t) dt+δ2(t) dt+δ3(t) dt+η (t) dB(t) ,

where

δ1(t) = θ
p2

1

p2

(
1− p2

p1
ρ12

√
z2(t)
z1(t)

)
(1−z1(t)) ,

δ2(t) = θ
p2

2

p2

(
1− p1

p2
ρ12

√
z1(t)
z2(t)

)
(1−z2(t)) ,

δ3(t) =
p1p2ρ12

4p2

(√
z2(t)
z1(t)

η
2
1 −2η1η2ρ34+

√
z1(t)
z2(t)

η
2
2

)
,
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and

η
2(t) = v2

1(t)+2ρ34v1(t)v2(t)+v2
2(t) ,

dB(t) =
1

η (t)
(v1(t) dW3(t)+v2(t) dW4(t)) ,

v1(t) = η1
p2

1

p2

(√
z1(t)− p2

p1
ρ12

√
z2(t)

)
,

v2(t) = η2
p2

2

p2

(√
z2(t)− p1

p2
ρ12

√
z1(t)

)
.

The expressions are quite complicated, and also not “closed” inz(·) . Theorem2.1can
be applied again, now to the process forz(·) . The motivation for that is that the curvature
of the volatility smile (of options onS(·)) is driven by the variance of the stochastic vari-
ance, and that is preserved under the Markovian projection ofz(·). Were we do that, we
would need to compute conditional expected values of the typeE

(√
zi (t)zj (t)

∣∣z(t) = x
)

andE
(√

zi (t)/zj (t)
∣∣z(t) = x

)
, for which we would apply the Gaussian approximation

method. For the purposes of this example we, however, employ a much more ad-hoc (and
simpler) approximations, in which we

• replace
√

z1(t),
√

z2(t) with
√

z(t);

• replace
√

z2(t)
z1(t)

,
√

z1(t)
z2(t)

with 1.

Under this approximations,

δ1(t)+δ2(t) = θ (1−z) ,
δ3(t) = γ,

η (t) = η̄
√

z(t),

B(t) = B̄(t) ,

whereγ, η̄ , and B̄(·) are given in the statement of the proposition. The proposition
follows.

Test results show that the approximation is quite accurate, although it does deteriorate
for longer expiries. The accuracy can be improved by calculating various terms more

accurately. For example, let us demonstrate how this can be done for the terms
√

z2(t)
z1(t)

,√
z1(t)
z2(t)

,
√

zi (t)zj (t). The results of Proposition6.3were obtained by replacing them with
1. A more accurate approximation is obtained by calculating their expected values in a
log-normal approximation.

Recall that

(37) Ezi (t) = 1, Var (zi (t)) =
η2

i ρ2+i,2+i

2θ

(
1−e−2θ t

)
, i = 1,2.
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The covariance betweenz1(t) andz2(t) can be approximated by2

(38) covar (z1(t) ,z2(t)) =
η1η2ρ34

2θ

(
1−e−2θ t

)
.

Let us approximate

zi (t)≈ exp

(
ξi −

1
2
Var (ξi (t))

)
i = 1,2,

where the Gaussian vector(ξ1,ξ2) has zero mean and the variance-covariance matrix
such that the second-order moments of(z1(t) ,z2(t)) given by (37), (38) are recovered.
the latter can be achieved by inverting the moments relationships

Var (zi (t)) = exp(Var (ξi))−1, i = 1,2,

covar (z1(t) ,z2(t)) = exp(covar (ξ1,ξ2))−1.

Then,

E
√

z1(t)z2(t) = exp

(
−1

8
Var (ξ1−ξ2)

)
E
√

z1(t)/z2(t) = exp

(
−1

8
(Var (ξ1)+2covar (ξ1,ξ2)−3Var (ξ2))

)
,

and so on.

6.3. Example 3: Fitting the market with a stochastic volatility model. While the fo-
cus of this paper is on approximating more complicated models with simpler ones for
calibration purposes, direct calibration of stochastic volatility models to the market is
another possible application of the techniques we use.

Let S(t) be the value of a given market variable (for example, an equity). LetS0
be the spot value. Suppose market-implied Black volatilitiesσmkt(T,K) are known for
all expiriesT and strikesK. These can be easily converted (see (5)) into the market-
implied Dupire’s local volatilitybmkt(t,x) , ie a local volatility function such that the
market European option prices are consistent with the model

dY(t) = bmkt(t,Y (t)) dW(t) , Y (0) = S0.

Suppose we would like to construct a stochastic volatility model

(39) dS(t) = b(t,S(t))
√

z(t)dW(t) , S(0) = S0,

consistent with market European option prices. As follows from Theorem2.1, the local
volatility functionb(t,x) is then given by

(40) b2(t,x) =
b2

mkt(t,x)
E(z(t)|S(t) = x)

.

As mentioned before, the challenge of computingE(z(t)|S(t) = x) makes the method
difficult to implement in practice. Numerical methods are often applied to compute the
conditional expected value in a forward Kolmogorov PDE for(S(t) ,z(t)) . Instead, we
would like to discuss a number of approaches to obtain (analytic) approximations.

2Usiang Gaussian approximation to the dynamics ofz1, z2
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A direct Gaussian-approximation-based approach (see Section4) is possible, but is
likely to be inaccurate in this case ifbmkt(t,x) has a high degree of convexity. What we
would like to explore instead are methods based on comparing (39) with anotherstochas-
tic volatility model, a model in which European option prices can be cheaply computed3.
Suppose we have such a “proxy” model, as defined by the (known) local volatility func-
tion b̃(t,x), for the underlyingX (t) and (the same) stochastic variance processz(t) ,

(41) dX(t) = b̃(t,X (t))
√

z(t)dW(t) , X (0) = S0.

Typically b̃(t,x) is a simple function, most common beingb̃(t,x) = β (“normal” case),
b̃(t,x) = νx (“log-normal” case), or̃b(t,x) = νx+ β (“shifted log-normal” case). Let
σproxy(T,K) be the implied Black volatilities of European options from this model. By
construction,σproxy(T,K) are cheap to compute. Then, they can be turned into the
“proxy” Dupire’s local volatilitybproxy(t,x) (by the means of (5)). Then, rewriting (40),

(42) E(z(t)|X (t) = x) =
b2

proxy(t,x)

b̃2(t,x)
.

Hence, having a stochastic volatility model which cheaply-computable European option
prices allows us to compute the conditional expected valuesE(z(t)|X (t) = x) easily. One
way to take advantage of this observation is to combine (40) and (42),

Proposition 6.4. The local volatility function b(t,x) that makes the model (39) consistent
with the market is given by

b(t,x) = b̃(t,x)× bmkt(t,x)
bproxy(t,x)

×
(

E(z(t)|X (t) = x)
E(z(t)|S(t) = x)

)/12

,

where X(t) follows the “proxy” model (41) with a known local volatility functioñb(t,x) .

Remark 6.4. The local volatility function b(t,x) that we are trying to find is given by the
“proxy” local volatility b̃(t,x) times two corrections, the ratio of Dupire’s local volatili-

ties bmkt(t,x)
bproxy(t,x)

, and the ratio of conditional expected valuesE(z(t)|X(t)=x)
E(z(t)|S(t)=x) .

The ratio bmkt(t,x)
bproxy(t,x)

is, as discussed, cheap to compute. Approximating

E(z(t)|X (t) = x)
E(z(t)|S(t) = x)

≈ 1,

we obtain the following useful corollary.

Corollary 6.1. Approximately,

b(t,x)≈ b̃(t,x)× bmkt(t,x)
bproxy(t,x)

.

3This approach has originally been suggested inForde(2006).
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To obtain a more sophisticated approximation, we can look for an (approximate) func-
tional relationship betweenX (t) andS(t) . Denote

h(t,x) =
∫ x

x0

dy
b(t,y)

,(43)

h̃(t,x) =
∫ x

x0

dy

b̃(t,y)
,

H (t,x) = h̃−1(t,h(t,x)) ,

where h̃−1(t,x) is the inverse of̃h(t,x) in the second (ie,x) argument. Furthermore,
denote

X̃ (t) = H (t,S(t)) .
Then

dX̃ (t) =
∂

∂x
H (t,x)

∣∣∣∣
x=S(t)

dS(t)+ . . .dt

= b̃
(
t, X̃ (t)

)√
z(t)dW(t)+ . . .dt.

We see that̃X (t) andX (t) have the same diffusion coefficient. This inspires an approxi-
mation

(44) X (t)≈ H (t,S(t)) ,

that leads to the following result.

Proposition 6.5. The local volatility function b(t,x) that makes the model (39) approxi-
mately consistent with the market is given by

(45) b(t,x) = b̃(t,H (t,x))
bmkt(t,x)

bproxy(t,H (t,x))
,

with H (·, ·) given by (43).

Proof. By (44),

E(z(t)|S(t) = x) = E(z(t)|H (t,S(t)) = H (t,x))
≈ E(z(t)|X (t) = H (t,x)) .

From (42),

E(z(t)|S(t) = x) =
b2

proxy(t,H (t,x))

b̃2(t,H (t,x))
,

and the result follows from (40).

Remark 6.5. Note that H(·, ·) depends on the (unknown) function b(t,x) , hence (45)
should be treated as a functional equation for b(t,x) .

In the small-time limit, the relationship between a local and implied volatilities are
much simpler than implied by (5). The following corollary is well-known (see for exam-
pleAndersen and Brotherton-Ratcliffe(2001)).
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Corollary 6.2. Let X(·) follow the time-independent local volatility model

dX(t) = ϕ (X (t))dW(t) , X (0) = X0.

Then the implied Black volatility is given to the first order in t by

σ (K) = log(K/X0)
(∫ K

X0

du
ϕ (u)

)−1

.

By using this simple (harmonic average) relationship between the two, Propositions6.4
and6.5 can be restated in terms of the implied, rather than local, volatilities. We denote
b(x) , limt→0+ b(t,x) , etc. Proposition6.5 in the short-time limit was first proved in
Forde(2006),

Corollary 6.3. In the short-time limit,

b(x) = b̃(H (x))
(

log(x/S0)
σproxy(H (x))

)′/( log(x/S0)
σmkt(x)

)′
.

One question remains unanswered, and that is the choice of the “proxy” model. Ifz(·)
follows the standard mean-reverting square root process (as in the Heston model), then
the following models admit closed-form expressions for European options,

b̃(t,x) = νx

(the original Heston model), and

b̃(t,x) = νx+β ,

the shifted Heston model, as previously explained. Moreover, using the parameter av-
eraging techniques, this could be extended to a shifted-lognormal Heston model with
time-dependent coefficients,

b̃(t,x) = ν (t)x+β (t) .

The last model, is, probably, the best choice for the proxy model. The time-dependent
coefficients can be chosen to make the “proxy” model as similar as possible to the model
for X (·), thus improving the quality of various approximations made. Ideally we should
use

β (t) = b(t,S0) ,

ν (t) =
∂

∂x
b(t,S0) ,

the first-order approximation to the local volatilityb(t,x) “along the forward”. The value
and the derivative of the local volatilityb(t,x) are of course unknown a-priori; one can
envision various approximations or, conceivably, an iterative procedure where the local
volatility approximation obtained on stepn is used to define the proxy local volatility for
stepn+1.
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7. CONCLUSIONS

We have developed a generic method for obtaining closed-form approximations to Eu-
ropean options and demonstrated its usage in a number of simple examples. The accuracy
of the approximations critically depends on how accurately the conditional expected val-
ues can be estimated. In particular, any improvements over Gaussian-based methods will
have an immediate effect on the European option approximations.
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