MARKOVIAN PROJECTION METHOD FOR VOLATILITY CALIBRATION

VLADIMIR PITERBARG

Abstract: We present the “Markovian projection method”, a method to obtain closed-
form approximations to European option prices on various underlyings that, in principle,
is applicable to any (diffusive) model. Successful applications of the method have already
appeared in the literature, in particular for interest rate models (short rate and forward
Libor models with stochastic volatility), and interest rate/FX hybrid models with FX
skew. The purpose of this note is thus not to present other instances where the Markovian
projection method is applicable (even though more examples are indeed given) but to
distill the essence of the method into a conceptually simple “plan of attack”, a plan that
anyone who wants to obtain European option approximations can follow.
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1. INTRODUCTION

European-style options are usually the most liquid options available in any market.
More often than not, they are the only options that are liquid enough to be used for
model calibration. Thus, efficient methods for valuing European-style options are a criti-
cal requirement for any model. In this paper we developMiagkovian projectionMP)
method, a very general and powerful approach to deriving accurate approximations to
European option prices in a wide range of models.

Various ideas related to the Markovian projection method have already been used, and
very successfully so, in a wide range of contexts. Piterbarg(2004 and Piterbarg
(20058, closed-form approximations to European swaptions prices in a forward Libor
model with stochastic volatility have been obtained Almdreaser(2009, that same has
been accomplished for a short rate model with stochastic volatikiyerbarg(20063
andPiterbarg(20059 have introduced an FX skew in the interest rate/FX hybrid model
and demonstrated how closed-form approximations for FX options can be derived. Same
techniques can easily be adapted to interest rate/equity hybrids, for example. In this note,
we formalize the ideas from these papers as the MP method.

The Markovian projection method is based on combining pioneering ideas of Dupire
(seeDupire (1997) on local and stochastic volatility (and recently rediscovered, in the
guantitative finance context, results of @y, seeGyongy (1986) with parameter-
averaging techniques that have been developed for stochastic volatility models relatively

Key words and phrased.ocal volatility, stochastic volatility, Markovian projection, parameter averag-
ing, Dupire’s local volatility, index options, basket options, spread options.
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recently. Both Dupire and ngy show that if two underlyings, each governed by its
own SDESs, are given, and the expected values of the SDE coefficients conditioned on the
appropriate underlying (the so-called “Dupire’s local volatilities”) are equal, then Euro-
pean options prices on (or, equivalently, one-dimensional marginal distributions of) the
two underlyings are the same. This observation is the key tool to replace a model with
complicated dynamics for the underlying with a much simpler one. Once that is accom-
plished, the (local or stochastic volatility) model that is obtained is further simplified, by
applying the parameter averaging techniques, to a form that admits closed form solutions.
The MP method proceeds in four steps.

Step 1: For the underlying of interest, its SDE, driven by a single Brownian motion,
is written down by computing its quadratic variance (and combiningtairms
if exist).

Step 2: In this SDE, the diffusion and drift (if exists) coefficients are replaced with
their expected values conditional on the underlying. As shown in Se2titms
does not affect the values of European options.

Step 3: The conditional expected values from Step 2 are computed or, more com-
monly, approximated. Methods based on, or related to, Gaussian approximations
are often used for this step, see Sectdielow.

Step 4: Parameter averaging techniques (Bgerbarg(20059, Piterbarg(2005H))
are used to relate the time-dependent coefficients of the SDE obtained in Step 3 to
time-independent ones. This, typically, allows for a quick and direct computation
of European option values.

2. ONE-DIMENSIONAL DISTRIBUTIONS OFITO PROCESSES

Suppose a model is given. L8(t) be the quantity of interest, European options on
which are to be valued. For example, it could be a forward price of an equity share, a
forward FX rate, a Libor or a swap rate, and so on. The market observable may or may
not be a “primitive” variable in the model. For example, equity models are most often
expressed in terms of the share price, and then the dynamics are impdsegdirectly.

On the other hand, in the interest rate modeling, the dynamics are often imposed on short
rates or on Libor rates. B(-) is the swap rate, then it is not a “primitive” variable in such

a model; the dynamics &(-) are implicitly defined by the model expressed in terms of
other variables. In either case, an Ito processS{oy, given by the model, can always be
written down. It is of the general form

1) dS(t) = (t,...) dW(t).

HereZ(t,...) is, in general, a stochastic process that may depen8(gnand other
sources of randomness. Note that we do not includedtiterm. It will be clear from
what follows that this is not a limitation, as the drifts can be handled as well. We write
the process without thdt term largely by convention, as most often there is measure un-
der whichS(+) is a martingale, and it is precisely the measure that we are interested in
studying the dynamics @&(-) under (eg the swap measure for a swap rate, or the forward
measure for a forward FX rate).
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Another feature of the waylj is written is the fact that the Brownian moti@W (-)
is one-dimensional. Again, this is not a limitation of the method. Evesy{-if is driven
by a multi-dimensional Brownian motion, a one-dimensional Brownian motion, and the
diffusion coefficient, can always be found such that the law of the original process and
the new one are exactly the same. Let us elaborate. Sugobews

d
@ AS(H) = 3 %i(t.) AW (D),

where (23 (t,...),...,2Z4(t,...)) is ad-dimensional process an\y (t),...,Wy(t)) is
a d-dimensional Brownian motion with the correlation mat{ipij }ﬁj:l. Then, define
S(t,...) by ’

d
Zz(t,...):_zlzi(t,.-.)zj (t,...) pij
i]=

anddW/ (t) by
dw(t) =z"1(t,...) (ilz (t,...)dw (t)) .

Simple quadratic variation calculations confirm tl&V is indeed a (one-dimensional)
Brownian motion and the law of the proce3s) given by @) is the same as the one given
by (1).

To price a European option dB(-) with expiry T and strikeK, we need to know
the one-dimensional distribution &) (at timeT). On the other hand, the knowledge
of prices of all European options for all strik&sfor a given expiryT is equivalent to
knowing the (one-dimensional) distribution §f-) at timeT. In view of these remarks,
the importance of the following result is evidenB{(ongy, 1986 Theorem 4.6)).

Theorem 2.1(Gyongy 1986) Let X(t) be given by
(3) dX(t) = o (t) dt+ B (t) dW(t),

wherea (-), B (-) are adapted bounded stochastic processes such3pat(mits a unique
solution. Define &,x), b(t,x) by

a(t,x) =E(a(t)|X(t)=x),
b? (t,x) = E (B2 (1)| X (t) =X).
Then the SDE
(4) dY (t) =a(t,Y (t)) dt+b(t,Y (1)) dW(t),
Y (0) = X(0),

admits a weak solution {t) that has the same one-dimensional distributions &5 X

Remark 2.1. The process Y-) follows what is known in financial mathematics as a “local
volatility” process. The function {,x) is often called “Dupire’s local volatility” for

X (-), after Dupire who directly linked (2 (t) | X (t) = x) to prices of European options
on X(-) whena (-) = 0 (seeDupire (1997), a link that can be seen to lead to the same
result.
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Remark 2.2. Since X(-) and Y(-) have the same one-dimensional distributions, the prices
of European options on ¥K) and Y(-) for all strikes K and expiries T will be the same.
Thus, for the purposes of European option valuation and/or calibration to European op-
tions, a potentially very complicated proces$- Xcan be replaced with a much simpler
Markov process Y-), the Markovian projectiohof X (-).

Remark 2.3. Efficient valuation and approximation methods for European options in lo-
cal volatility models, ie models of the typd), are available, see for example
Andersen and Brotherton-Ratcliff20017).

Proof. The original proof inGyongy (1986 is fairly involved and we do not reproduce it
here. Instead, we present an outline of the proof inspire8dyyne(2000, a much more
financially-motivated approach. As explained above, the og$g= 0 is most common
in financial applications, so that is what we consider.
Denote
c(t,K) =Eo ((X(t) —K)").
Here{c(t,K)}, «x are the values of European call options6f1) for expiriest and strikes
K. Dupire in Dupire (1994 was the first to find the expression for the local volatility in
a local volatility model that reproduces all European optién&,K)},  for all expiries
t and strikesK. The key insight of this proof is to note that the same technique can be
applied to European option pricebtained from another modeinstead of the market
option prices as originally done by Dupire.
As explained above, matching all European option prices (for all expiries and strikes) is

equivalent to matching all one-dimensional distributions. “Dupire local volatiltft’ x)
in the model

dY(t) =b(t,Y (t)) dW(t)
for the set of option priceéc(t,K)} is given by

gc(t,K)

25c(t,K)
seeDupire(1994). To compute the right-had side, we first write (the use of delta-functions
in the integrands can be justified by Tanaka’s formula lse®tzas and Shre\(@997)

1
d(X (1) —K)" = L)k dX (1) + ES{X(t):K}d (X(1)),
and, sinceX (t) is a martingale under the measure considered,

EX(0) ~K)* — (X(0)~K)" =5 [ E(Bpxig-syd (X(5).

(5) b?(t,K) =2

Clearly
E (8x(t)=k1d (X (1)) = E (8ix(t)=«}) X E(d (X (1))| X (t) = K)

02 N 02

and

1often we will use the same letter to denote both, the original process and its Markovian projection.
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From 3)
d(X (1)) = B3(t) dt,
so that ,
E (8;x )=k d (X (1)) = %c(t,K)z x E(B?(1)| X (t) = K) dt.
In particular,
J J + +
ﬁc(t,K) =5 (EX(1)—K)" = (X(0)=K)")

2

~ 279K
Substituting this equality intdb) we obtain

b? (t,K) = E (B2 (1) X (t) =K),
and the theorem is proved.

For the variableS(-) considered above, the theorem immediately implies that we can
replace {) with the Markovian projection

(6) dS(t) = Z(t,S(t)) dW(t)

to price European options, Wheie{t,x), the deterministic function of time and state, is
obtained by

(7) $2(t,x) = E(Z2(t,...)|S(t) = x) .

We emphasize that the Markovian projection is exact for European options but, of course,
does not preserve the dependence structur§(gfat different times or, equivalently,

the marginal distributions of the process of orders higher than one. Thus, the prices of
securities dependent on samplingSif) at multiple times, such as barriers, American
options and so on, are different between the original maehifd the projected model

(6).

In practice, the conditional expected value T leeds to be computed/approximated.
This is often impossible to do exactly, and various approximations need to be employed.
We discuss common approaches later in the paper. Next, however, we consider another
ways that Theorerd.1 can be used.

c(t,K) x E(B?(t)| X (t) =K).

3. APPLICATIONS TO STOCHASTIC VOLATILITY MODELS

Suppose a stochastic volatility model is given. Bg¢t) be the variable of interest as
before, governed in the model by the equatibn The results of Theorer.1allow us to
replace the dynamics with local volatility dynamics for the purposes of pricing European
options. However, substituting a local volatility model for a stochastic volatility model is
not always ideal. The two types of models are very different, and that makes computing
the conditional expected value i) (particularly difficult. This renders various possible
approximations rather inaccurate. As a general rule, when one model is approximated
with another, it is always best to keep as many features as possible the same in the two
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models. For example, a stochastic volatility model should be approximated with a (poten-
tially simpler) stochastic volatility model, a model with jumps by a (simpler) model with
jumps, and so on.

Upon some reflection, it should be clear that Theo&itrprovides us with a tool that
is more general than just a way of approximating any model with a local volatility one.
The following trivial Corollary to Theorer2.1 provides the required framework.

Corollary 3.1. If two processes have the same Dupire’s local volatility, the European
option prices on both are the same for all strikes and expiries.

Consider a stochastic volatility model. Lét (t) follow

Xm( ) b]_ t Xl \/Zl dW

wherez; (t) is some variance process. Suppose we Would like to match the European
option prices orX; (-) (for all expiries and strikes) in a model of the form

dX (t) = b2 (t,X2(t)) /22 (t) dW(t

wherez, (t) is a different, and potentially S|mpler, variance process. Then Cordldry
and Theoren2.1limply that to achieve that, we need to chobsét, x) such that

E (b5 (t,X) 22 (t)[ X2 (t) =x) = E (bf(t,X) 21 (t)| X1 (t) = X)

or, rearranging the terms,

2 2. o E(@O[X () =%
(8) b2<t,X) bl(t7x> E(Zz(t)‘xz(t) :X).
To apply this formula, the conditional expected values need to be computed. Note that
it is beneficial to choose as similar toz; as possible. Then, various approximations
employed to compute both conditional expected values will tend to cancel each other,
thus increasing the accuracy of calculatmdt, x).

It is generally the case that a realistic stochastic volatility model with a local volatility
component should have a local volatility that does not have a lot of curvature (such as
a linear or a power function of the underlying). Moreover, such a choice makes many
calculations and approximations much easier, as then local volatility functions can just be
described by two numbers, a value and a slope (at the forward value of the underlying,
for example). In practice it means that when a stochastic volatility model is constructed
to fit implied volatility smiles (be that market volatilities or implied volatilities from a
different model), it is better to choose the stochastic volatility that explains as much of the
curvatureof the implied volatility smile as possible. Then the local volatility function will
be “almost linear”, and the benefits mentioned above will apply. For the concrete example
of equation 8), one should typically try to find, () that has the same term variance as
z;(-), as it is the volatility of stochastic variance that defines the curvature of the smile.

Another typical application of Corollar&.l proceeds as follows. Suppose

dXy (t )/ Z(t)dW(t

wherez(t) is the stochastic variance process, /B)(iit) is not deterministic, but a stochastic
process in its own right (eg a complicated function of the state variables in a term structure
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model of interest rates, wit(-) being a swap rate). We would like to replace the SDE
with a local-stochastic volatility model,

dXo(t) =b(t,Xo(t)) /z(t) dW(t

Then, according to Corollary.1, we need to set
E (B2 (0)2(0)] X () =
E(z ( )|X2< )=X)
)

This formula can be simplified when, for exampfg(-
conditionally independent givexy (-). Then

) .

(9) b? (t,x) =

andz(-) are (approximately)

(20) b?(t,x) ~ E (ﬁ2(t)‘xl(t) =X) 5828:22; zg

In many real-world situations, it can be safely assumedihatt)| Xy (t) = x) = E(z(t)| X2 (t) = X),
in which case the formula simplifies further,

(11) b? (t,%) ~ E (B2 (t)| Xa (t) = X).

4. GAUSSIAN APPROXIMATIONS FOR CONDITIONAL EXPECTED VALUE
CALCULATIONS

Recall the set up of Sectid) namely the general equation of the typgfor an under-
lying of interest. Calculations of conditional expected values, a%)ifof (8)) are often
the most difficult part of the MP method. Tractable formulas are hard to find for any type
of process, with one notable exception. If if) (he procesiS(t) 22 (t,. ..)) is jointly
Gaussian, then the calculations are straightforward. While this is the case in only the
trivial situation ofZ?(t,.. . ) being deterministic, the availability of closed-form solutions
in the Gaussian case gives rise to the approximation in which the actual dynar8i¢$ of
andZ?(t)(= Z?(t,...)) are replaced by the Gaussian ones. While the details vary from
case to case, the general approach is given by the following proposition.

Proposition 4.1. Let the dynamics ofS(t), 22 (t)) be written in the following form,
(12) dS(t) =2 (t) dW(t),
dz2(t) = n (t) dt+e(t) dB(t),

whereZX (t), n (t) and e (t) are adapted stochastic processes (that may depend(9n S
>2(-), etc) and Wt),B(-) are both Brownian motions. Then the conditional expected
value in (/) can be approximated by

(13) 52(t,x) £ E(Z2(1)| S(t) = x)
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52(t), p (t) £ (dW(t),dB(t)

g(t)=Ee(t),

22 (t) = ot(En (s)ds

p (1) =E((dW(t),dB(t)) /dt),
S (t) =/22(t)

Proof. If (X,Y) is a Gaussian vector, then

covar (X,Y)
Var (Y)

The result follows by computing the required moments in a Gaussian approximation to
the dynamics of12) 1

(14) E(X|Y)=EX + (Y —EY).

Remark 4.1. If more is known about the form of the dynami&&)( other deterministic
approximations t& (t) (and other parameters) can be more useful.

Remark 4.2. The approximationX3d) is linear in x The Gaussian approximation, hence,
works best when the local volatility functions that are used are either linear or close to
linear. This provides another angle to the comment at the end of S&;trmamely that

the most practical technique for computing conditional expected values, the Gaussian
approximation, is not going to work well when the curvature in the volatility smile is ex-
plained by the local volatility function, rather than by the stochastic volatility component.

Sometimes it is beneficial to apply approximations that are not Gaussian, but linked to
them. For example, a lognormal approximation can be used in the place of a Gaussian
one. Then, the approximation is based on the known expressi&{ ¥irY) when(X,Y)
are jointly lognormal. Other twists involving “mapping functiong”— f (Y) are also
possible.

5. PARAMETER AVERAGING

Parameter averaging methods are extensively described elsewhéteddes 20050,
Piterbarg(2005h). Here, we present a short summary of the results.
Consider a stochastic volatility model of the form

(15) dz(t) = 6 (1—z(t)) dt+ y(t J_th
dS(t) = (B (t)S(t)+ (1- B (t G (1) Vz(t)dw(t)
z2(0)=1, S(0)=%.

with time-dependent volatility (t), skew  (t), and volatility of variancey(t). Fix a
particularT > 0.
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Theorem 5.1. Prices of European options in the mod#b) with expiry T> 0 are well-
approximated by the European option prices in the following model with constant coeffi-
cients,

(16) dz(t) = 0 (1— z( dt+n\/ v (t
ds(t) = (bS(t) + 0)) A/z(t) dW(t

where

n2 = fo?’z() (t) dt

Jop®dt
:foﬁ() Z(t) o2 (t) dt
Jo VA(t)o2(t)dt

andA is a solution to

Eexp(g,/((g)) /OT o2 (t)z(t) dt) = Eexp(?tzg:((g)) /OTz(t) dt).

(r) =/ ds/ dto?( ~0(t=s)g=20(sr)

s ~—0s

vz(t):/o 62 (s) ds+ne —Gt/o oz(s>%
a(x >=S°(2¢(bﬂ/2) 1),

e

and® (+) is the standard Gaussian cumulative distribution function.

Proof. SeePiterbarg(200509, Piterbarg(20050H .11

Here

ds

Remark 5.1. Efficient numerical methods to value European options in the mdég! (
are available, seéndersen and Andreas€2002).

Remark 5.2. Since the parameter averaging methods are especially well developed for
the model of the typéelp), in the applications of the Markovian projection method it is
beneficial to try to reduce the dynamics of the quantity of interes}, ® this particu-

lar form. One should realize, however, that the only restriction imposed Byig the
particular form of the dynamics of the stochastic varian¢g ga mean reverting square
root process). The form of the local volatility component of) $an be seen to be just a
linearization of whatever the actual local volatility function is used.

Remark 5.3. The averaging results have been derived in the case of zero asset-volatility
correlation, (dW,dV) = 0. Experience shows, however, that the approximations work
very well even if the correlation is not zero.
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6. EXAMPLES

In this section we consider a couple of examples of varying degrees of complexity,
to demonstrate typical applications of the method we developed. The reader will note
that in the examples, the use of the parameter averaging methods is not required, as the
approximate equations already have constant coefficients. This is done on purpose, as the
applications of the PA methods have been extensively exposed elsewhere, and we try to
simplify the presentation on the account of clarity.

6.1. Example 1: Options on an index in local volatility models. Consider a collection
of N assetS(t) = (Si(t),...,Su(t)) " each driven by its own local volatility model

dSi(t) = en (S (1)) dWA (1),
n=1...,N,

with a vector of Brownian motion8M (t),..., W (t)) with anN x N correlation matrix
<dW,dV\/j> =pij, Lj=1,...,N.

We restrict the set of local volatility functiong, (X) to the set of functions well-described
by its value and the first order derivative at the forwdrdeffect, we requirep, (x) to be
linear, or close to linear (such as CEV). As always, this is not really a restriction as using
more complicated local volatility functions is not a good idea anyway.

Define anindex St) by

S(t) = % WnSh (1) =w ' S(t).
n=1

An index is a weighted average of the assets. We would like to derive an approximation
formula to (European) options on the ind8i). This problem was considered first in
Avellaneda et al(2002.

Applying Ito’s lemma toS(t) we obtain that

N
ds(t) = Zan(Pn (Sh (1)) dWA(L).

If we define
N
c? (t)= Z 1WnWm(Pn (Sh (1)) ®m(Sm(t)) prm,
N
W)= 5 Won(S (1) QW4 1),
then

ds(t) = o (t) dW(t),

and, by computing its quadratic variation, we obtain ttf is a standard Brownian
motion. The process (t) is, of course, a complicated function $ft). By the results of
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Section2 and, in particular, Theore. 1, for the purposes of European option valuation,
we can replace this SDE with a simple one,

dS(t) = o (t,S(t)) dW(t)

where
P2 (t,x) =E (0% (t)|S(t) = ).
We have,
N
0% (t,X) = Z_lwnWmanE(fpn(Sq () om(Sn (1)) S(t) = X).

By expanding each termp, (S, (t)) om(Sn(t)) to the first order around the forward (a
good approximation by near-linearity assumption) we obtain,
?n (S (1)) Pm(Sn(t)) ~ PnPm
+ PnOm (Sn(t) — Sn(0))
+ Pmthn (Sh (1) =S (0)),

so that

17) 9% (t,X) ~ i ilwnwmpnmpn Pm (1+2n (X) +2m (X)),
where |

(18) 09 = TE(S (1)~ $(0) SO =),

and

Ph=0n($h(0)), Gn=0n($(0)).

To compute the conditional expected valigs, (t) — S, (0)| S(t) = x) we apply the Gauss-
ian approximation,

(19) E(Si(1) =S (0)|S(t) =x) = E (S (1) — S (0)| S(t) =) ,

where

and

N
(20) |02 = z WnWm Pn PmpPnm;

nm=1

1 N
n=1



12 VLADIMIR PITERBARG

In this model, B B

1) E (S0~ (0] S(1) =) = <<S§(<tt))”§<:;>> (x-S(0))
- pn% (x—5(0)),

where

(22) pn 2 (dW (1), dW, (1)) /dt

Combining (8), (19), (21) we obtain
2n(X) = qnp—; (x—5(0)).

Substituting it into {7), we obtain the following proposition.

Proposition 6.1. For the purposes of European option pricing, the dynamics of the index
S(t) can be approximated with the following SDE,

dS(t) = ¢ (S(t)) dW(t),

whereg (X) is such that
¢(S(0)=p, ¢'(S(0)=aq,
with p given by 20),

OnPn + AmPm

1 N
(23) q = Z WnWmPn PmPnm > )

p2 n,m=1
and{pn}’s given by R2).

Remark 6.1. Note that in our approximationp (x) does not depend on t; this will not
always be the case. If the local volatility function depends, timen parameter averaging
methods can be used to find the “aggregate” volatility and skew.

Remark 6.2. The parameter q is the slope of the local volatility function for the index.
Note that the expressior2g) represents it as a weighted average of the slopes of the
local volatility functions of the index’s componentg gnd correlationsp, between the
Brownian motions driving the components and the index. Another expression can be
easily derived from43) by manipulating the order of summation,

1 N
(24) 9= = WnPnpgth.
pn:l

Remark 6.3. The approximations we develop work best when @ gre “not very dif-
ferent”. This would be the case when, for example, a swap rate is represented as a
weighted average of contiguous Libor rates, and we can expect their skews to be similar.
In other cases, whennt$ can be significantly different, as for example, in an FX rate
basket, non-linear approximations &fellaneda et al(2002 have better accuracy (but

are more complicated).
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6.2. Example 2: Spread options with stochastic volatility. Consider the problem of
valuing spread options, ie (European) optionsSih) = S; (t) — S (t), where each of

the asset$;, S follows its ownstochastic volatility process (as pointed oufierbarg
(20060, spread options are very sensitive to stochastic variance decorrelation, an often
overlooked fact). In particular we define

(25) St)= ) Vz (t)dW (t

dz (t) = ( -z (t dt+ni\/2a JdWoi (t), z(0) =1,
=12,

with the correlations given by
<dW(t),dV\/j (t)> =pij, Lj=1,...,4

The spreadb(t) is the underlying of interest; the first step is to write an SDE for it. We
have,

(26) dS(t) = o (t) dW(t),
where
27) P = (@r(SL(V))ur(t)*—2(@1(SL(1) U () (92(S2 (1)) U2 (1)) a2
+(P2(S(1) w2 (1)?,
AW (0) = o5 (91 (S1(0)us () A1)~ 2 (S 1) ua(t) AME(D),
u(t)=+vz(t), i=12
Using the same notations as in the previous example, we set
P=¢(S(0), a=¢(S(0), i=12

As explained previously, directly replacingf (t) (in (26)) with its expected value con-
ditional onS(-) is not a good idea when stochastic volatility is involved. Per Corollary
3.1and the discussion in Secti@nwe shall try to find a stochastic volatility process)
such that the curvature of the smile of the spr&id is explained by it, and the local
volatility function is only used to induce the volatility skew.

To identify a suitable candidate far-), let us consider what the expression & (t)
would be if the local volatility functions for the components(x) , i = 1,2, were constant
functions. We see that in this case, the expressiosfgt) in (27) would not involve the

processes (+), i = 1,2 and thus would be a good candidate for the stochastic variance
process. Hence we define (the divisiongsye 2 (0) is to preserve the scalirg0) = 1)
1
(28) 2(t) = 5 (P2(0) ~2pipepioy/ 2 20 + 322 (1))
where

1/2
(29) p=0(0) = (pf —2p1p2p12+ P3) 2
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Proposition 6.2. For the purposes of European option pricing, the dynamics of the spread
S(t) can be approximated with the following SDE,

dS(t) )/ z(t)dW (t

where Z-) given by 28), the functlon(p (-) satisfies
¢(S(0))=p, ¢'(S(0)=aq,

with
qs % (Prpfan — P2p3p)
andp;, p2 are defined by
(30) p1= %)(pl — P2p12)
p2= %)(pll)lZ— P2).

Proof. By Corollary3.1, the righte (x) id given by
E(0?(t)|S(t) =X)
E(z(t)[S(t) =x)

The expression foE (o2 (t)| S(t) =x) is a linear combinations of the conditional ex-
pected values of the terms

¢ (S (1) @j (Sj (1) ui (B uj ().
Each one is approximated to the first order by
oo (1+ 26 0-80)+ 2 (5 0-5 0) +UO-D+ (0 -).

As in Example 1, the conditional expected val&€ss (t) — S (0)| S(t) = x) can be easily
computed in the Gaussian approximation. The same idea can be apfiag o) — 1| S(t) = x) .
In particular,

(31) @%(t,x) =

E(SH)-S(0)[S(t)=% ~ E(S(t)-S(0)[S(t)=x)
E(ut)-1St)=x) ~ E(G(t)—1/S(t)=x),

where @t terms are ignored, although they may be included for more accurate approxi-
mations)

(32) dS(t) = pdw (t),
ds (t) = pidW( )
dui (t) = sz+|( ),

dW (t) = E(pldvvl(t) — p2dWh (1)),
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and
E(S ()-S5 (0)]5() =2 = P 6-5(0)).
E(u_i(t)—1|S_(t):X)z%(X—S(O)),
i=12.

Here, as in the previous example, we have denpitéd(dW (t),dW (t)) /dt, i =1,...,4,

so that (see30)),

(33) pi = % (P1pir— P2pi2), i=1,...
Under the linear approximations
o?(t)|S(t) =x)
= pi <1+ 20101 ?0) T E(O))

x=S(0 + x—S(0
—2P1P2pr12 <1+(q1p1+quz) p( ) + (”1”32’72/’4) ID( ))

4.

+p5 (1+ 2<312PzX — E(O) + n2p4x_—FS)(O))
Then,
(34) £ (020 =) = ¢ (120, ).
where

1
Qu = 2—pz[p%<2q1p1+nlp3)

+
—2p1P2p12 ((qlpl +02p2) + (M) > + 3 (202p2+ N1204)] -
Furthermore,

E(2(0)|S(t) = ) = 2 (1+ nlpgx‘s@) I
 2pipapis <1+ < 1P3+772P4> X—FS)(O)) /P

+p%(1+172P4 3 )>/I0,

so that
(35)  E(z(t)|S{t) =x) = 1+2q " E’(O),

+
<p%771P3 — 2p1P2p12 (M) + p§n2p4> .

_1
q|_2p2
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The quantitiesp (S(0)), ¢’ (S(0)) are computed from the equatioBlj and the expres-
sions @4), (35) for the numerator and the denominator, as we note that
d=qQu—0q.
|
To effectively apply the result of Propositi@n?2, we still need to derive a simple form
for the stochastic variance process), defined by 28). Ideally, we should try to write

the SDE for it in the same form as the SDEs s in (25). This cannot be done exactly;
SO we approximate.

Proposition 6.3. For the purposes of European option pricing, the dynamics of the spread
S(t) can be approximated with the following SDE,

dS(t) = ¢ (S(t)) /Z(t) dW (1),
dz(t) = 9<1+Z—z (1)) dt+7y/2(t)dB ¢

where (X) is given in Propositior6.2,

1
n?= = ((pmlpl)2 —2(p1m1p1) (P2M2p2) p3a+ (p2n292)2> :

1
dB(t) = T (P1n1p1dWV5 (1) — p2m2p2dVA(t))

andvy is given by

(36) ye P1P2p12

4p?

The (approximation of the) correlation between dW aBdsigiven by

(nf —2N1M2p34+ 7122) .

_ 1
(dW,dB) = o (PN1P1P13 — P1P2 (N1P1P23+ N2P2P14) + PAN2P2P24) -

Proof. Forz(-) defined by £8)
dz(t) = o1 (t) dt+ S (t) dt+ 83 (t) dt+n (t) dB(t),

81 (t) = S; (1—%;)12,/220(1 (1)),

82 (t) = Eé(l p1p2 2—®>(1 (1)),

t
o (t) = plf;flz (\/ 711 — 2M1M2P34+ T 772)

where




MARKOVIAN PROJECTION 17

and
n%(t) = VE(t)+2paava (t)Va(t) +V5(1),
dB(t) = - (va(t) dW5 (1) + V2 (t) dW4 (1)),

vi(t) = nlp—%( Zl(t)_%l)12\/22(t))>

0
2
Va(t) = ﬂz%( Zz(t)—%l)lwzl(t))-

The expressions are quite complicated, and also not “closed(* inTheorem2.1 can
be applied again, now to the processZ¢r). The motivation for that is that the curvature
of the volatility smile (of options o1$(-)) is driven by the variance of the stochastic vari-
ance, and that is preserved under the Markovian projectia(- pf Were we do that, we
would need to compute conditional expected values of theEypg'z () z; (t) | z(t) = X)
andE (/7 (t) /zj ()| z(t) = x) , for which we would apply the Gaussian approximation
method. For the purposes of this example we, however, employ a much more ad-hoc (and
simpler) approximations, in which we

e replace /7 (t), /2 (t) with \/z(t);
e replace 2—8, 2—53 with 1.

Under this approximations,

O1(t)+62(t) =6(1-2),
% (t) =7,
nt) =nvz),
B(t) =B(t),

wherey, n, and I§(-) are given in the statement of the proposition. The proposition
follows.
|

Test results show that the approximation is quite accurate, although it does deteriorate
for longer expiries. The accuracy can be improved by calculating various terms more

accurately. For example, let us demonstrate how this can be done for the\y%s
\ /2—8, \/Z (1) zj (t). The results of Propositiof.3were obtained by replacing them with
1. A more accurate approximation is obtained by calculating their expected values in a

log-normal approximation.
Recall that

2 . .
(37) Ez(t)=1, Var(z(t) = % (1-e2), i=12
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The covariance between (t) andz (t) can be approximated By

(38) mmmaapga»:ﬂ%%3%1—ymj.

Let us approximate

a0 ~exp(& - Jver(5)) =12

where the Gaussian vect¢fs, &) has zero mean and the variance-covariance matrix
such that the second-order momentsaf(t),z (t)) given by @7), (38) are recovered.
the latter can be achieved by inverting the moments relationships
Var(z (t)) = exp(Var(&))—1, i=1,2,
covar(z (t),z(t)) = exp(covar(&1,&2)) — 1.
Then,

EVaDR0 — exp(-gVar(e- )
EVaD/a0 = exp( g (Var (G + 2eovar(G1.80) - Mar(2) ).

and so on.

6.3. Example 3: Fitting the market with a stochastic volatility model. While the fo-
cus of this paper is on approximating more complicated models with simpler ones for
calibration purposes, direct calibration of stochastic volatility models to the market is
another possible application of the techniques we use.

Let S(t) be the value of a given market variable (for example, an equity). $et
be the spot value. Suppose market-implied Black volatilitigg: (T,K) are known for
all expiriesT and strikesK. These can be easily converted (sép {nto the market-
implied Dupire’s local volatilitybyy: (t,x), ie a local volatility function such that the
market European option prices are consistent with the model

dY (t) = bmie (8, Y (1)) dW(t), Y (0) = S
Suppose we would like to construct a stochastic volatility model

(39) dS(t) = b(t,S(1)) v/z([t) dW (1), S(0) = S,
consistent with market European option prices. As follows from Thed&dnthe local
volatility function b (t,x) is then given by

b?nkt (t,X)
(z(t)[S(t) =x)
As mentioned before, the challenge of computingz(t)|S(t) = x) makes the method
difficult to implement in practice. Numerical methods are often applied to compute the

conditional expected value in a forward Kolmogorov PDE (8(t),z(t)). Instead, we
would like to discuss a number of approaches to obtain (analytic) approximations.

(40) M@@:E

2Usiang Gaussian approximation to the dynamicg, of,
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A direct Gaussian-approximation-based approach (see Sedtimnpossible, but is
likely to be inaccurate in this casebf; (t,x) has a high degree of convexity. What we
would like to explore instead are methods based on compa@B)gvith anotherstochas-
tic volatility model, a model in which European option prices can be cheaply coniputed
Suppose we have such a “proxy” model, as defined by the (known) local volatility func-
tion b(t, x), for the underlyingX (t) and (the same) stochastic variance proe¢ss

(41) dX (t) NVZO)dW(t), X(0)=S.

Typically b(t,x) is a simple function, most common beibgt,x) = B (“normal” case),

b(t,x) = vx (“log-normal” case), ob(t,x) = vx+ B (“shifted log-normal” case). Let
oproxy (T, K) be the implied Black volatilities of European options from this model. By
construction,oproxy (T,K) are cheap to compute. Then, they can be turned into the
“proxy” Dupire’s local volatility bproxy (t, X) (by the means ofg)). Then, rewriting 40),

bproxy(t X)
b2 t, x)
Hence, having a stochastic volatility model which cheaply-computable European option

prices allows us to compute the conditional expected valyest)| X (t) = x) easily. One
way to take advantage of this observation is to combii® 4nd @2),

(42) E(z(O)[X(t) =x) =

Proposition 6.4. The local volatility function lgt, x) that makes the mode39) consistent
with the market is given by

b(t,x) = b(t,x) x

Dkt (8,%) (E(Z(t)|x(t)=x))/12
bproxy(t,x) E(z(t)|S(t) =X) ,

where X(t) follows the “proxy” model 41) with a known local volatility functiof (t, x) .

Remark 6.4. The local volatility function Ift, x) that we are trying to find is given by the
“proxy” local volatility b(t,x) times two corrections, the ratio of Dupire’s local volatili-

Bike(t.X) (U)X (t)=x)
ties t( X and the ratio of conditional expected val OSD=x) -

The ratiog, Brne(1.X) is, as discussed, cheap to compute. Approximating

proxy(tX)
E(z)1X (0 =) _,
E(zOISO =%

we obtain the following useful corollary.

Corollary 6.1. Approximately,

bmkt (t7 X)
bproxy (t,X)

b(t,x) ~ b(t,x) x

3This approach has originally been suggesteldrnde(2006.
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To obtain a more sophisticated approximation, we can look for an (approximate) func-
tional relationship betweeX (t) andS(t) . Denote

_ (X dy
(43) h(t,X)— Xom’
_[*_dy
h(tx) = x b(t,y)’
H (t,x) = h~2(t,h(t,x)),

whereh~1(t,x) is the inverse ofi(t,x) in the second (iex) argument. Furthermore,
denote

X (t) =H(t,S(t)).
Then
dX (t) = (;iXH (t,X) _S<t)dS(t)+...dt
=b(t,X (1) VZ{O)dW(t)+...dt.

We see thaX (t) andX (t) have the same diffusion coefficient. This inspires an approxi-
mation

(44) X(t) ~H(t,S(t)),
that leads to the following result.

Proposition 6.5. The local volatility function Igt, x) that makes the mode39) approxi-
mately consistent with the market is given by

bmkt (t,X)
bproxy (t,H (t,x))

(45) b(t,x) = b(t,H (t,x))

with H(-,-) given by 43).
Proof. By (44),

From @42),
_ b2rox ’ >
E(z(t)|S(t)=x) = sz (i(t }(|t(§());)),

and the result follows fromd4(Q) il

Remark 6.5. Note that H(-,-) depends on the (unknown) functioft x), hence 45)
should be treated as a functional equation fat Ix) .

In the small-time limit, the relationship between a local and implied volatilities are
much simpler than implied byb}. The following corollary is well-known (see for exam-
ple Andersen and Brotherton-Ratcliff2001)).
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Corollary 6.2. Let X(-) follow the time-independent local volatility model
dX(t) = ¢ (X(1))dW(t), X(0)=Xo.
Then the implied Black volatility is given to the first order int by
K du\ 1!
o (K :IogKXo(/ —) .
() =log(K/X) ( [

By using this simple (harmonic average) relationship between the two, Propos§itibns
and6.5 can be restated in terms of the implied, rather than local, volatilities. We denote
b(x) £ lim{_o. b(t,x), etc. Propositior6.5in the short-time limit was first proved in
Forde(2006),

Corollary 6.3. In the short-time limit,

H () ( log (/%) ) / (log(x/s()))’.
Gproxy (H (X)) Omkt (X)
One question remains unanswered, and that is the choice of the “proxy” mode). If

follows the standard mean-reverting square root process (as in the Heston model), then
the following models admit closed-form expressions for European options,

ot

b(x) =

~

b(t,x) = vx

(the original Heston model), and

~

b(t,x) = vx+ B,

the shifted Heston model, as previously explained. Moreover, using the parameter av-
eraging techniques, this could be extended to a shifted-lognormal Heston model with
time-dependent coefficients,

~

B(t,x) = v()x+B(1).

The last model, is, probably, the best choice for the proxy model. The time-dependent
coefficients can be chosen to make the “proxy” model as similar as possible to the model
for X (-), thus improving the quality of various approximations made. Ideally we should
use

B(t)=b(t %),

Vi) = 2 00S).

the first-order approximation to the local volatilityt, x) “along the forward”. The value

and the derivative of the local volatilitig(t,x) are of course unknown a-priori; one can
envision various approximations or, conceivably, an iterative procedure where the local
volatility approximation obtained on steps used to define the proxy local volatility for
stepn—+ 1.
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7. CONCLUSIONS

We have developed a generic method for obtaining closed-form approximations to Eu-
ropean options and demonstrated its usage in a number of simple examples. The accuracy
of the approximations critically depends on how accurately the conditional expected val-
ues can be estimated. In particular, any improvements over Gaussian-based methods will
have an immediate effect on the European option approximations.
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